We perform a heat kernel asymptotics analysis of the nonperturbative superpotential obtained from wrapping of an M 2-brane around a supersymmetric noncompact three-fold embedded in a (noncompact) G 2 -manifold as obtained in [1] , the three-fold being the one relevant to domain walls in Witten's MQCD [2], in the limit of small "ζ", a complex constant that appears in the Riemann surfaces relevant to defining the boundary conditions for the domain wall in MQCD. The MQCD-like configuration is interpretable, for small but non-zero ζ as a noncompact/"large" open membrane instanton, and for vanishing ζ, as the type IIA D0-brane (for vanishing M -theory cicle radius). We find that the eta-function Seeley de-Witt coefficients vanish, and we get a perfect match between the zeta-function Seeley de-Witt coefficients (up to terms quadratic in ζ) between the Dirac-type operator and one of the two Laplace-type operators figuring in the superpotential. This is an extremely strong signature of residual supersymmetry for the nonperturbative configurations in M -theory considered in this work.
Introduction
String and M theories on manifolds with G 2 and Spin(7) holonomies have become an active area of research, after construction of explicit examples of such manifolds by Joyce [3] . Some explicit metrics of noncompact manifolds with the above-mentioned exceptional holonomy groups have been constructed by Brandhuber et al and Cvectic et al [4] .
It will be interesting to be able to lift the Gopakumar-Vafa duality to M theory on a G 2 -holonomy manifold, without having to embed it first into type IIA string theory as was done by Vafa. As the type-A topological string theory's partition function receives contributions only from holomorphic maps from the world-sheet to the target space, and apart from constant maps, instantons fit the bill, as a first step we should look at obtaining the superpotential contribution of wrapping of an M 2 brane on supersymmetric 3-cycle in a suitable G 2 -holonomy manifold(membrane instantons). Based on the techniques of [5] , the same was obtained in [6] , the result of which, unlike [7] , is also valid for rigid three-cycles. In terms of relating the result obtained in [6] to that of the 1-loop Schwinger computation of M theory and the large N -limit of the partition function evaluated in [8] , one notes that the 1-loop Schwinger computation also has as its starting point, an infinite dimensional bosonic determinant of the type det (i∂ − eA) 2 − Z 2 , A being the gauge field corresponding to an external self-dual field strength, and Z denoting the central charge. The large N -limit 1 email: imkani@hotmail.com 2 email: pa123dph@iitr.ernet.in 3 e-mail: aalokfph@iitr.ernet.in of the partition function of Chern Simons theory on an S 3 , as first given by Periwal in [9] , involves the product of infinite number of sin's, that can be treated as the eigenvalues of an infinite determinant. This is indicative of a possible connection between the membrane instanton contribution to the superpotential, the 1-loop Schwinger computation and the large N limit of the Chern-Simons theory on an S 3 (See also [10] ).
After the contruction of noncompact (special Lagrangian) three-folds of Joyce [11] , the same have been studied in the context of wrapping of D-branes around them in [12] -see also [13] . In this paper, we identify a noncompact instantonic configuration in M-theory compactified on a G 2 -manifold with a particular supersymmetric noncompact three-fold embedded in the same, as relevant to domain walls in MQCD. We provide evidence for residual supersymmetry for the same by looking at the Seeley-de Witt coefficients associated with the Laplace-type and Dirac-type operators relevant to the nonperturbative superpotential for small value of a complex constant "ζ" that figures in Riemann surfaces relevant to MQCD.
The plan of the paper is as follows. In section 2, we review the calculation of the membrane instanton superpotential of [6] , which is based on [5] -for this work, given the non-singular uplift to M-theory in MQCD, we assume that there is no contribution to the superpotential from the membrane boundary. In section 3, we discuss spin connections for associative three-cycles based on the discussion on the same in [7] . In section 4, we perform a heat kernel asymptotics analysis for the superpotential of section 2 and using the results of [14] , evaluate the bulk and boundary Seeley de-Witt coefficients for one of the two Laplacetype operators and the Dirac-type operator. We obtain a remarkably perfect match between the two (up to O(ζ 2 )) thereby strongly indicative of surviving supersymmetry of the nonperturbative configurations in M -theory considered in this work.
Evaluation of the membrane instanton contribution to the superpotential
In [6] , one of us (AM) we had worked out the membrane instanton superpotential, using techniques developed in [5] , based on the path-integral-inside-a-path integral approach of [15] . As given in [7] , the Euclidean action for an M 2 brane is given by the following Bergshoeff, Sezgin, Townsend action:
where Z is the map of the M 2 brane world-volume to the the D = 11 target space M 11 , both being regarded as supermanifolds. The g in (1), is defined as:
where E A M is the supervielbein, given in [7] . X(s) and Θ(s) are the bosonic and fermionic coordinates of Z. After using the static gauge and κ-symmetry fixing, the physical degrees of freedom, are given by y m ′′ , the section of the normal bundle to the M 2-brane world volume, and Θ(s), section of the spinor bundle tensor product: S(T Σ) ⊗ S − (N ), where the − is the negative Spin(8) chirality, as under an orthogonal decomposition of T M 11 | Σ in terms of tangent and normal bundles, the structure group Spin(11) decomposes into Spin(3) × Spin (8) .
The action in (1) needs to be expanded up to O(Θ 2 ), and the expression is (one has to be careful that in Euclidean D = 11, one does not have a Majorana-Weyl spinor or a Majorana spinor) given as:
where we follow the conventions of [7] : V M being the gravitino vertex operator, Ψ being the gravitino field that enters via the supervielbein E A M , U is a mass matrix defined in terms of the Riemann curvature tensor and the second fundamental form.
After κ-symmetry fixing, like [7] , we set Θ A . a 2 (s), i.e., the positive Spin(8)-chirality to zero, and following [5] , will refer to Θ Aa 1 (s) as θ. The Kaluza-Klein reduction of the D = 11 gravitino is given by:
I,mnp (y)Γ pq χ I (x) ⊗η(y), where we do not write the terms obtained by expanding in terms of {ω (2) I,mn }, the harmonic 2-forms forming a basis for H 2 (X G 2 , Z), as we will be interested in M 2 branes wrapping supersymmetric 3-cycles in the G 2 -holonomy manifold. For evaluating the nonperturbative contribution to the superpotential, following [7] , we will evaluate the fermionic 2-point function: Φ using harmonic three forms forming a basis for H 3 (X G 2 , R). One then integrates twice to get the expression for the superpotential from the 2-point function.
The bosonic zero modes are the four bosonic coordinates that specify the position of the supersymmetric 3-cycle, and will be denoted by x 7,8,9,10 0 ≡ x u 0 . The fermionic zero modes come from the fact that for every θ 0 that is the solution to the fermionic equation of motion, one can always shift θ 0 to θ 0 + θ ′ , where D i θ ′ = 0. This θ ′ = ϑ ⊗ η where ϑ is a D = 4 Weyl spinor, and η is a covariantly constant spinor on the G 2 -holonomy manifold.
After expanding the M 2-brane action in fluctuations about solutions to the bosonic and fermionic equations of motion, one gets that:
, we consider classical values of coefficients of (δy) 2 , (δθ) 2 terms, as fluctuations are considered to be of O( √ α ′ ). Now,
We now evaluate the various integrals that appear in (4) above starting with d 4 xe −S y 0 :
, where O 1 and O 2 are as given in the same paper:
The mass matrix U is expressed in terms of the curvature tensor and product of two second fundamental forms. D i is a covariant derivative with indices in the corresponding spin-connection of the type (ω i ) m ′′ n ′′ and (ω i ) m ′ n ′ , and D i is a covariant derivative with corresponding spin connection indices of the former type. Hence, modulo supergravity determinants, and the contribution from the fermionic zero modes, the exact form of the superpotential contribution coming from a single M 2 brane wrapping an isolated supersymmetric cycle of G 2 -holonomy manifold, is given by:
We do not bother about 5-brane instantons, as we assume that H 6 = 0 for the G 2 -manifold. In [7] , it is argued that for an "associative" 3-fold Σ in the G 2 -holonomy manifold, the structure group
We now explore the possibility of cancellations between the bosonic and fermionic determinants For bosonic determinants detA b , the function that is relevant is ζ(s|A b ), and that for fermionic determinants detA f , the function that is additionally relevant is η(s|A f ). The integral representation of the former involves T r(e −tA b ), while that for the latter involves T r(Ae −tA 2 ) (See [14] ):
where to get the UV-divergent contributions, one looks at the t → 0 limit of the two terms. To be more precise (See [16] )
where the ∓ sign in front of η(0), a non-local object, represents an ambiguity in the definition of the determinant. The ζ(0|A 2 f ) term can be reabsorbed into the contribution of ζ ′ (0|A 2 f ), and hence will be dropped below. Here T r ≡ dx x|...|x ≡ dxtr(...). The idea is that if one gets a match in the Seeleyde Witt coefficients for the bosonic and fermionic determinants, implying equality of UV-divergence, this is indicative of a possible complete cancellation.
The heat kernel expansions for the bosonic and fermionic determinants [14] are given by:
where for m is the dimensionality of the space-time. For our case, we have a compact 3-manifold, for which e 2p+1 = 0 and a 2p = 0. For Laplace-type operators A b , and Dirac-type operators A f , the non-zero coefficients are determined to be the following:
where α i 's are constants, τ ≡ R ijji , and Id is the identity that figures with the scalar leading symbol in the Laplace-type operator A b (See [14] ), and
To actually evaluate e 0 and e 2 , we need to find an example of a regular G 2 -holonomy manifold that is metrically Σ × M 4 , where Σ is a supersymmetric 3-cycle on which we wrap an M 2 brane once, and M 4 is a four manifold. The condition for supersymmetric cycle: Φ| Σ = vol(Σ), is what is solved for in [1] .
Spin Connection for Associative 3-Cycles in G 2 Manifolds
The bi-spinorial representation of the components of the spin connection
(where σ a ′ are the Pauli matrices and A, B are the bispinorial indices), abbreviated as ω . The components ω a ′′ b ′′ i , with a ′′ , b ′′ = 6, 7, 8, 10 can be split into three self-dual and three anti-self-dual components:
and
from which one constructs
. For associate three-cycles, (ω) ABYẎ i is symmetric w.r.t. A, B and Y and ω = ω − ⊥ (See [7] .). Assuming ω
Now,
Hence, for A = B = 1 or 2, consider
and for A = 1, B = 2, consider:
( 
Similarly,
and their equality would imply:
and the equality of:
implies
and finally the equality of: 
Hence, for associative three-folds, the number of independent components in the off-diagonal spin-connection is one: ω 3 10 i . We will set it to zero.
4 Heat kernel Asymptotics of MQCD-like Supersymmetric Three-Fold embedded in G 2 Seven-Fold
In MQCD [18] , discrete chiral symmetry breaking results in the formation of domain wall separating different vacua, whose world-volume is topologically given by R 1,2 (X 0,1,2 × S(x 3,4,5 ), where S is a supersymmetric three-fold embedded in a G 2 -manifold that is topologically R(x 3 ) × (R 5 (x 4,5,6,7,8 × S 1 (x 10 ) Complexifying the coordinates, v = x 4 + ix 5 , w = x 7 + ix 8 , s = x 6 + ix 8 , t = e −s , the boundary condition on S is that as x 3 → −∞, S → R × Σ and as x 3 → ∞, S → R × Σ ′ , where Σ : w = ζv −1 , t = v n and Σ ′ : w = e 2πi n ζv −1 , t = v n . Following the notations of [1] (See also [17] ), the calibration for G 2 manifolds can be written as: Φ = e 123 +e 136 +e 145 +e 235 −e 246 +e 347 +e 567 ; e ijk ≡ e i ∧e j ∧e k ), and then the supersymmetric three-fold embedded in the G 2 -manifold will be given as: w = w(x 3 , v,v), s = s(x 3 , v,v). Then, defining the embedding as x 6 = A(x, y, z), x 7 = C(x, y, z), x 8 = D(x, y, z), x 10 = B(x, y, z), x, y, z being the M 2-brane world-volume coordinates, the condition for supersymmetric cycle: Φ|S = √ gdx 3 ∧ dx 4 ∧ dx 5 , after further relabeling x 3,4,5 as z, x, y and after assuming: ∂ x A = ∂ y B, ∂ y A = −∂ x B(≡ Cauchy-Riemann condition), translates to give:
The ansatz to solve (30) taken in [1] was:
However, no explicit forms of a 2m and b 2m were given that would solve (30). In [1] , for the embedding of the supersymmetric 3-cycle in the G 2 -manifold, the ansatz taken is:
where for the SU (2) group, f 2m , g 2m , h 2m can be complex, but are taken to be real in [1] . The condition for getting a supersymmetric 3-cycle implemented by ensuring that the pull-back of the calibration Φ to the world volume of the 3-cycle is identical to the volume form on the 3-cycle, gives recursion relations between the coefficients f 2m and g 2m , by setting h 2m = 0, e.g. for m = 1, as shown in [1] ,
One can subsitute for f 2 from the second equation and get a second order differential equation for g 2 . However, it is shown that in the limit ζ → 0, one can consistently set f 2m = h 2m = 0, m ≥ 1. Further, surprisingly, as perhaps missed to be noticed in [1] , one also gets the following differential equation for all g 2m 's, m ≥ 1:
Hence, (32) becomes:
One thus gets a convergent solution, unlike the case for finite ζ as pointed out in [17] . We now consider an M-theory instanton obtained by wrapping a Euclidean M 2-brane around the supersymmetric noncompact three-fold embedded in a G 2 -manifold relevant to MQCD, and perform a heat kernel asymptotics analysis for the membrane instanton superpotential as obtained in (9) .
From the expressions of O 1,2,3 , one sees that the effective pullback of the metric on to the world volume of the supersymmetric 3-cycle is given by:
where
+O(ζ) 3 ,
(4 + e x ) (1 + 2 cosh(2 z))
The vielbeins are given by: 
4 + e 
, and
(4 + e x ) 5 4 +O(ζ) 3 , (1 + 2 cosh(2 z))
The affine connection for G ij is given as under:
. Using Γ i jk , one can then evaluate the various components of the curvature tensor, whose one such component, e.g., is given by: 2 ) cosh(4z) − 1024e
The other non-zero componenents of the curvature tensor that one is required to calculate are: R 2 121 , R 3 131 , R 2 123 , R 3 232 , R 2 323 , R 4 343 , which can be similarly done. Using these, one evaluates the components of the non-zero Ricci tensor. The non-zero components of the Ricci tensor that one is required to evaluate are R 11 , R 13 , R 22 and R 33 . Using these, the Ricci scalar can be evaluated to give:
) 5 2 (4 + e x ) (512 e The three-fold is topologically
implying that it has a boundary which is given by ∂M 3 = (R×S 1 , 0)∪(R×S 1 , 1). Note that configurations involving wrapping of branes wrapping noncompact cycles have been studied earlier -see [12] . The three-fold is given by the set of following equations:
2 sec( 
One notices the following Z 2 symmetry of (38):
Notice that under the above antiholomorphic involution: J = du ∧ dū + dv ∧ dv + ds ∧ ds is reflected, and Ω = du ∧ dv ∧ ds is complex conjugated. This is related to the involution used in the construction of a G 2 manifold from a Calabi-Yau three-fold using the Joyce's prescription:
. The boundary Seeley-de Witt coefficients for M 3 of (38) are given by (See [14] ):
The second fundamental form is given by: Π ij = n, ▽ u i v j , where the tangent vectors u i = ∂r m
∂y i ∂ m , and similarly for v j , where m takes values 3, 6, 10. For ∂M 3 , M 3 being given by (38), Π ij = n x 6 ∂ 2 x 6 ∂y i ∂y j , which for the embedding x 6 = −y 1 , vanishes.
For the operator O 1 , the expressions for A i b are given as:
where where the various elements have expressions similar to the ones in A 1 b . To evaluate the ζ Seeley de-Witt coefficients, one needs to evaluate ω b i . The expressions for ω b i are given as:
One can similarly evaluate expressions for ω b 2,3 , using which one can evaluate E(
, where
where the non-zero elements are given in the appendix. Similarly, 
Conclusion
The Seeley de-Witt coefficients associated with the nonperturbative superpotential generated by an MQCDlike instanton configuration obtained by wrapping M 2-brane around a noncompact supersymmetric threefold embedded in a (noncompact) G 2 -manifold relevant to MQCD, understood as the M theory configuration dual to a type IIB configuration compactified on a circle of vanishing radius, was considered in this paper. The boundary η Seeley de-Witt coefficients for the relevant fermionic operator vanish. Up to second order in a complex parameter that is part of the embedding of the aforementioned three-fold in the G 2 seven-fold, we get a perfect match between the Seeley de-Witt coefficients between the fermionic and one of the two bosonic determinants thereby strongly suggesting the presence of surviving supersymmetry of the nonperturbative configurations in M -theory.
